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ABSTRACT

In this paper we study the dynamic inventory problem in which
amounts of stock ordered at unit prices SN and S (ck > Ck+l) are
delivered, respectively, k and k+1 periods later. It is demonstrated
that under suitable cost conditions, the optimal policies are similar to
those of the dynamic inventory problem with a deliverylag of k+l periods,
except for an additional constant stock level up to which it is desired to
order at unit price C - If we assume that ordering decisions are
made in every other period, it is demonstrated that analogous results
are obtainable for the case in which amounts of stock ordered at unit
prices Cx+ Cxi1 and Cht2 (ck> ck+l> Ck+2) are delivered, re-
spectively, k, k+l, and kt+2 periods later.
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I. INTRODUCTION"

In this paper we analyze a dynamic inventory problem in which
different modes of delivery of ordered stock may be achieved by use of
different ordering costs. An example of such a model is the case in
which an amount of stock ordered at a unit price ¢y is delivered
one period later and another amount ordered ata unit price c, (c:2 < Cl)
is delivered two periods later.

A basic assumption we make in the present model is that any ex-
cess demand is to be backlogged. This is identical to the one made in
[1] for the case of constant delivery lag. Besides the ordering costs,
there aretwomore costs operative in the present model: a holding cost
depending on the amount of stock at the end of a period and a shortage
cost depending onthe excess amount of demand over available stock dur-
ing the period. The holding and shortage cost functions are taken as
linear functions for the sake of simplicity. It will be seen later that the
results obtained will be readily extended to the case where these two
functions are assumed to be convex increasing. If the stock on hand at
the beginning of a period is x, then the expected operational costs dur-

ing the period, exclusive of ordering costs, are given by

xX Q0
"jh(x-t)f(t)dufp(t-x)f.(t)dt, x>0,
0 X
Li(x) = (1)
oo
kfp(t-x)f(t)dt, x<0,
0

1'I‘he author gratefully acknowledges his indebtedness to Andrew J. Clark.
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where h{:) and p(-) are holding and shortage cost functions, respec-
tively, and the demand quantity during the period is represented by a
random variable t with density function £(t). Under the present assump-
tion we have h(x)=h-x and p{x)=p-x, where h and p are unit
holding and shortage costs, respectively.

In Section II we analyze a model in which an amount of stock ordered
at a unit price < is delivered immediately, and another amount ordered
at a unit price ¢y (c1 < cO) is delivered one period later. In Section III
we treat the model of Section II under an assumption that the additional
fixed set-up cost is required for any ordering. We also demonstrate that
the results of the preceding models are readily extended to the case where
amounts of stock ordered at unit prices ) and Cral (ck > Ck+l)’ k=1,
are delivered, respectively, k and kt+l periods later. In Section IV we
analyze a model in which amounts of stock orde: 2d at unit prices Skt Cpt1
and Chy2 (ck> Crt1 > Ck+2)’ k = 0, are delivered, respectively, k, k+l,
and k+2 periods later, under an assumption that the ordering decisions

are only made in every other period.
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II. TWO MODES OF DELIVERY UNDER LINEAR ORDERING COSTS

In this section we will analyze the optimal ordering policies of a
dynamic inventory problem in which an amount of stock ordered at a unit
price c, is delivered with no delivery lag, and another amount ordered
at a unit price ¢y (cl < cO) is delivered one period later.

Starting with the single period model to prepare for the induction,
it is clear that we have no ordering at unit price cy - Next, let us des-
ignate by Cn,(x) the minimum total expected costs for the n period model
when the stock level at the beginning of the initial period is x . If we are
going to order amount zy at unit price o in the sihgle period model,

then we have

Cl(x) = min < cozg t Lix + ZO)>
zg z{

(2)

= min <CO(W - x)+ L(w)>
X 2 X

where L(x) is defined by (1). To determine the optimal ordering level

x we obtain from (2) the following expression:

l’

Fl(w) = cw + Liw) . (3)

0

Since L'(x) is increasing in x, F'l(w) is increasing in w, and it
tends to coth> 0 as w tends to infinity. On the other hand, we

have Fl‘(w) =Cq-P for w = 0. Therefore, if we assume that

- <
cu-Pp<0, (4)
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then there exists a unique positive x) such that F'l ('xl) =0. Itis
easily seen that we order up to x; if x<x,, and we order nothing
if x=x . Cl(x) is accordingly given by

Cl(x): co(x1 -x)+L(xl), x < X
(5)
= L(x) , X 2% .
We notice that Cl(x) is convex in x, and C'l(x) z-c for all x .

We next proceed to the two period model. If we will decide to
order amounts Z4 and z, at unit prices g and Cy respectively,
then we have

Cz(x) = min {COZO + ¢z + Lix + zo) +

z, 20
0
Z. =
o)
a f Cl(x tzy oz - t) £(t) dt} {6)
0

where o is the discount factor. If we make substitutions w = x + Zg s

v=x+ z + zy and ¢ = Cg - €1 then (6) may be written as

Cz(x) = min {c(w - x) + L(w) + cl(v - x)
Vaw2x

a0

+ o.j Cl(v—t) f(t) dt} . (7)

0
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<

Now let us consider the following minimization:

L (x) = min {c(w - x) + L(w)} : : (8)
W 2 x .

Since the right-hand side of (8) is identical to that of (2) except ¢y re-
placed by ¢, we may immediately conclude that, under assumption (4),

there exists a unique positive X such that x> x, (since ¢ <cg) and

c+L'(§<)=c0-cl + LY (%) =0 . ' (9)

It follows that w = x for x< X, and w=x for x 2 X ; consequently,

T(x) is given by

Af:(x)=c(3‘<—x)+L(§:), x< X,
(10)
= L(X)’ x =X

‘Returning to (7) we consider the following cases to accomplish the de-

sired minimization.

Case (a) xz X

In this case we will have w = x as it has been shown by minimi-

zation of (8), and (7) may be rewritten as

ool
C‘Z(x) = L(x) + min {cl(v -~ x) + aj Cl(v - t) £(t) dt} . (11)

v 2x
0

—
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Case (b) x< X

In this case we will have w = X as it has been shown by minimi-
zation of (8), if an additional restriction that v = w does permit w to
assume the value % ; that is to say, if v =2 X . Otherwise we must
have w =v < X due to the convexity of L(x) (we may remark here that
this does not necessarily follow if Z(x) is not convex). Therefore, we

have:

1. ¥ vzxk,

Cz(x) = ¢{x - x) + L(X) + min {cl(v - x)
v 2X

~

w0

+ ajC“v—t)f(t)dt} . (12)
0

Cz(x) = min cv-x)+ Lv)+ cl(v - x)
x>vzx

100)
+ afCl(v —t)f(t)dt}
0

= c(x - x) + L(X) + min {cl (v - x)
X>vzx
©

+clv-X%+L{v)- LF)+a f Cl(v - t)f(t)dt}.(l3)
0



PRC R-282

7
If we define /\ (v) by
Av) = elv - %) + Liv) - L(x), v<x,
. (14)
=0, vk,
then, by use of T (x) and A (v), we may represent expressions (11),
(12), and (13) by a single expression
Cz(x) = I(x) + min \fcl(v -x)+ Av)
vz x {_
')
o)
+ a Cl(v -t)f{e)ydat v . (15)
0 J

It is essential to notice that /\(v) is a continuous convex function of v,
since, otherwise, we will find a serious difficulty in achieving the mini-
mization involved in (15).

To determine the optimal ordering level for the two period model,

we obtain from (15) the following quantity:

©
Fz(v) =cyv + N(v) + a[ Cl(v - t)yf(t)ydt . (16}
0

The derivative F:Z (v) tends to ¢, + ah> 0 as v tends to infinity and,

1
at v = X, itis given by

(o 0]
sz(&) =c; 4 °fc'1 (% - t)f(t)dt . (17)

0

Two cases may now be considered, according to the sign of F:Z(fc):
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Case (a) F'2(§c) <0

Since FZ(V) is convex in v due to convexity of A(v) and Cl(v),

there exists a unique positive X, such that X, > x and

109
F'Z(xz) =0 = c, + a'[C'l (x, - t)f(t)dt . (18)
0
It follows that we havein (15) V=X, if x< x5 and v = x if x2x2 .

Therefore, choosing appropriate forms of I.(x) and A (v) from (10) and.

(14), respectively, for each x, we obtain from (15)

©
Cz(x):co(fc—X)+c1(x2 - %) + L(x) + aj Cilx, - t)f(t)dt, x< %k,
O‘
©
=cl(x2—x)+L(x)+ af Cl(x2~t)f(t)dt, x<x< x5
0
oSy
- Lix) + af C lx - E(r)at, x2x, . (19)
0

It follows that the optimal policy is to order:

1. for x< %, amount X - x at <y and amount Xy - % at cy
2. for x<x< x,, amount x, - x at cy (20)
3. for x= X,, none.

The derivative of CZ‘(X) is given by

Clfx) = - ey » x< %,
=—C1+L'(X), §C<X<X23 (21)
o)
= L'(x) + afci (x -~ t)f(t)dt, x> X%,

0
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It is noticed that Cz(x) is convex in X, C'z(x) z-c for all x, and-
t ! . <
Cl(x) 2 Cz(x) for x X, .
Let us next consider an equation
m .
F(x)=c1 + aj gi{x - t)f(t)dt =0 (22)
) .
where g(x) is defined by
g(x):—co, x< X%, :
(23)
= - c; + L'(x), x>x.

We remark that g(x) = C'2 x) and g(x) = C‘l(x) for all x. As x tends
to infinity F(x) tends to ¢ (1 - a)+ah> 0, and F(x) = cy -ac, . If

¢y -acy = 0, then we have F'Z(fc) zZc) -acy= 0 from (17) due to the
fact that C'l(x) z-cg for all x. This is contradictory to the assump-~

tionof thiscase. Therefore, we musthave F(x) = ¢y - acg, < 0, and, since
F(x) is increasing in x, there exists a unique positive x such that

¥ > % and

(00}
F(x)=0=c; +a g(x - tyf(t)dt . (24)

0

It follows that x = x., since we have

QO
F'Z(ic) = F'Z(i) - F(x) = aj( c'l(:'c -t) - gx - t)}f(t)dt 20
0

due to the fact that C'l(x) z g(x) for all =x.
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Case (b) F'Z(fc) =0

We first recall that F'Z(x) is given by

(o 6]
Fix) = oy + Li(x) + ajC'l (x - t)£ (t) dt

0

for x<Xx. At x = x; Wwe have Fz'(xl)z cO+L‘(x1)—aco= - ac, < 0.

Therefore, there exists a unique X, such that x = X, >xl and

@
F'Z(xz) =0 = ¢yt L‘(xz) + af C'l(xz - t)f(t)dt .
0
By use of this x, we obtain from (15)
o)
Cz(x) = co(x2 - x) + L(xz) + aj' Cl(XZ - t)f(t)dt , x < X5 (25)
0
o)
=L(x)+ajCl(x-t)f(t)dt, X=X, .
0

It follows that the optimal policy is to order:

1. for x<x,, amount %X, -x at c, ,
2 2 0 (26)

2. for x= x, , none.
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The derivative of Cz(x) is given by
C'Z(x);—co, X< X,
= | (27)
= L' (x) + QIC'I(X - t)f (t)dt, x> X,
0

It is noticed that Cz(x) is convex in x, C’Z(x) z-c for all x, and
C'l(x) = C'Z(x) for x = X5 It is also remarked that C'Z(x) 2 g(x) for all x .
Let us next consider an equation

F'(x) = c,(1 - a) + L'(x)

ol
As x tends to infinity F'(x) tends to co(l -a)+h>0, and, at x = X5
F'(xl) = cO(l - a)+ L‘(xl) = - acy < 0 . Therefore, there exists a unique

%' such that X' > x and
FiX') = 0=cy (1 -a)+ L'(X'). (28)

it follows that X' =z x, , since we have

Qo
F}&(&') = F'Z(&') - FYX') = af{C'l(s‘c' -t) + co} f(t)ydt 2 0
0

due to the fact that Cj(x) = - ¢ forall x. At x= %, FY(X) = cg - acy +
LY(%) = ¢, - acy ; hence, it also follows that %' < X% if ¢y -acyz0, and

X >% if ¢ —aco<0.

1
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To complete the analysis of the two period model, let us prove that
Cl' (x) = C'Z(x) for x = E in both cases. We have already noticed that

C'l(x) = C'Z(x) for x= x, in both cases. For X, <x<x we have

a
Glx) - C(x) = - af Cllx - £)i(t)dt .
0
Hence, it suffices to show that
[0 0]
afc'l(;z - t)f(t)dt <0
0

To start with, we have, by use of (23) and (24),

fes) X - X X - X%
Sy = afg(i - t)£(t)dt = af L - t)£(t)dt - aclff(t)dt
0 0 0
®
-acof £(t)dt ,
or, X -X
- . © X - %
x - %
f

af LY -t)f(t)dt-o.coj‘ f(t)dt = - c1+o.clj (t)dt . (29)
0

0 X - x
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We also have, by use of (5),

oo X - X
1 oo
o.j C'l(§ - t)f(t)dt = aj _L'l(i - t) £{t)dt - acoj f(t)dt
0 0 x - xl
X-X o _ x - X
:af L'(x -t)fl(t)dt-ucof f(t)dt+aj L'(x - t)f(t)dt
0 X -% X - X
X - x,
+ ucof f{t)dt ;
X - X

substituting (29) here, and recalling that L'(x) = - (cO - cl) for xs< % ,

we obtain

fo s ;(--;C SE"XI
af CYx - t)f(t)dt = - ¢y + aclf £(t)at + acof £(t)dt
0 0 X - %

x - x)
+ o.f L'(x - tyf(t)dt
X

~
-~ X

X - X X - x X - X,
S-cp+ aclj’ £ (t)at + o.coj £{t)at - alc, - cl)j £ (t) dt
0 X -% x - %

i'—xl

=—cl+o.clf f(t)dt <0

0
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This establishes the desired result.

We now will briefly analyze the three period model. To start with,
C3(x) will be defined by an expression identical to (6) except C, replaced
by CZ' This expression will be reduced to an expression identical to (15),
with C1 replaced by Cys through the identical arguments used in the two
period model based on the cases (a) and (b). Then F3(v) will be defined
by an expression identical to Fz(v) except Cl replaced by C, . If we
had F'Z(fc) < 0, then we have Fg(fc) < 0 due to the fact that C'l(x) ES C'z(x)
for x<x . We may immediately conclude that there exists a unique X,

such that x, > x and Fi(x,) = 0. Since we have

[0

Fix,) = Fix,) - Fhix,) = aj{C‘Z (e, - t) - Cilx, - £)}E(E)dE < O

0

due to the fact that Ci(x) = Ci(x) for x= x , and

Q0
Fix) = Fi%) - F(x) = af{c'z(i -t) - g(x - t)} £(t) dt = 0

0

due to the fact that C'Z(x) z g(x) for all x, we have x =2 Xy Z Xy 2 x.

x, and X uniquely define the optimal policy which is identical to (20)

3
except x, replaced by x,, and C3(x) and C'3(x) are given by ex-

pressions identical to (19) and (21), respectively, with X, and G, re-
placed by X, and C3, respectively. It will be noticed that C3(x) is

convex in x, C'3(x) z g(x) =z - o for all x, and C'Z(x) = C'3(x) for x < Xq -
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If we had F'Z(i‘c) =z 0 with ¢y - acy < 0, then we may have F}’(S‘{) <0,
since C'Z(x) = C'l(x) for x£ x, or we may still have F'3(3c) 2 0. The first

case has already been analyzed. If we have ¢y -acy= 0, we must have

Fg(i\c) 2 0 . In the second case we have F'3 xl) s F:Z(xl) = - ac, < 0 ; hence,
there exists a unique Xy such that % = Xy > X and Fl_,’(x3) = 0. Since we
have ’
@
F'3(x2).= Fg(xz) - F'Z(xz) = f{C'Z(xz -t) - C'l(xZ - t)} f(t)dt< 0
0
and
@
Fi(%') = FY&') - F'(%') = a[{ Cy(&' - t) + cg) f(t)dt 2 0,

0

we have X'z Xy 2 %, > %) (we may remark that the upper bound %' is
immaterial unless we have ¢, - acy =z 0, since, otherwise, we have

X' > X). x, uniquely determines the optimal policy which is identical to
(26) except x, replaced by X3 C3(x) and C'3(x) are given by ex-
pressions identical to (25) and (27), respectively, except X5 and C,
replaced by %3 and C3 , respectively. It will be noticed that C3(x) is
convex in x, Cg(x) 2 g(x) 2 - cq for all x, and C'2 x) 2 C'3(x) for x=s Xqe

It will finally be shown that we have in both cases

Qo

C{,’(x) - C'z(x) = aj{C'Z(x -t) - C'l(x - t)} f{t)dt < 0
0

for Xy < x £ x , due to the fact that C'l(x) z C'Z(x) for x< x . Therefore,
it will follow that we have Cj(x) z Ci(x) for x= X .
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We now have all the necessary ingredients of an inductive proof,

and we summarize the preceding results as

Theorem__l_:

For each n 2 2 there exists a unique positive %

which, together with % determined by {9), uniquely determines the opti-

mal policy for the n period mcdel as follows:

Case A If x > %, it is optimal to order:
1. for x< %, amount X - x at ¢, and amount x - X
at c1 ;
2. for ¥ x<x_, amount x - x at c, ;
n n 1
for x=z X, none.
Case B ¥ x < X, it is optimal to order:
1. for x<x , amount x - x at c, ;
n n 0
2,

for xz X, none.

Furthermore, the following properties hold:

(1) x is a unique root of an equation

Ioe)
cq +/\'(v) + aj C;l-l (v - t)f(t)dt = 0
0

where A\ (v) is defined by (14).

(ii) Case A

C;l(x)

X >X
- Coo x< X,
c1+L‘(x) x<x<x_,
@
L'(x)+af C;).—l (x - t}yf(t)dt, x> x

0



PRC R-282

17
Case B x < %
— n
! = -
Cn(x)- Co x < X
m .
= L' (x) + afc;l_l(x—t)f(t)dt , x>x .
0

(iii) Cn(x) is a convex function of x and C;l(x) 2z g{x) = - S for all x,
where g(x) is defined by (23). The second derivative of Cn(x) exists
everywhere except possibly for x = % and X where the right-and left-

hand second derivatives exist.

-ac,<0:

(iv) Case A ¢ 0

X

where x is determined by (24); there also exists a unique i = 2 such

that x. ;, < %¥<=x. .
i-1 i

Case B c

whare X' is determined by (28).

(v) C;l_l(x) = C;l(x) for x< x .

We remark that these results are similar to resulis obtained in
[1] for the dynamic inventory model with constant delivery lag. It may
also be remarked that the above results may be readily extended to the
case in which h(-) and p(-) are assumed to be convex increasing, and
the right-hand side of (1) may be differentiated twice under the integral

signs.
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III. INCLUSION OF FIXED ORDER COSTS

In this section we first consider the identical inventory model of
the preceding section with the exception of a fixed set-up cost K which
we assume to be charged whenever any amount of ordering is made.

Therefore, if we define

K(x) =K , x>0,
(30)
=0 , x<0,

then the total ordering cost in the present model is given by cyzg t €12y
+ K(z0 + zl) when amounts zg and z, are ordered at unit prices zg
and Z] s respectively.

An essential concept in the subsequent analysis of this section is
that of K - convexity which has been defined and utilized by Scarf [2] in
proving the optimality of (S, s) policies for the dynamic inventory model
with constant delivery lag (inclusive of no delivery lag). Specifically,

for a given K 2 0, a function C(x) is said to be K - convex if
K+ C(x + a) - C(x) - %— {C(x) - Clx - b)} >0 (31)

for all x, all positive a, and all positive b smaller than a positive
constant M. It is readily verified that K - convexity has the following

properties [2, p. 199]:

(i) 0 - convexity is equivalent to the ordinary convexity.

(ii) If C{x) is K - convex, then C(x+ h) is K - convex for all h.

(iti) If C(x) and D(x) are K - convex and L - convex, respectively,

then AC + BD is (AK + BL) - convex when A and B are positive.

This property may be extended to denumerable sums and integrals.
Returning to our model, we have no ordering at unit price ¢y in

the single period. model. Therefore, we have

Cl(x) = rznn; o { CoZq + K(zo) + Lx + zo)}
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Since this expression is identical to the one in the case of no delivery lag
which has been analyzed by Scarf in [2], we immediately know that the
optimal policy is of (S,s) type and Cl(x) is K - convex.

Let us now proceed to the n period model, assuming that Cn—l(x)
is K - convex. If we are going to order amounts Zg and z, at unit

prices S and Cy» respectively, in this period, then we have

Cn(x) = min {coz0 ey ozt K(zO +zy) + Lix + zy) +
zq 2 0

z120

@
aj, Cn—l (x + zg ¥ z) - t)f(t)dt} (32)
0

Making substitutions w = x + Zg s V=X + Zg + z) and c = Cp=Cys 28

we did in the previous section, we can rewrite (32) as

C_{(x) = min {c(w—x)+L(w)+cl(v—x)+K(v—x)
n V2WwW=2X
(33)
®©
+afC (v—t)f(t)dtw
n-1 J
0

We now see that (33) may be reduced to

C (x) = L(x) + g (x) (34)
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where gn‘(x) is given by

. 0
gn(i)z?;nx{cl(v-x)+K(v—x)+/\(v)+uj, Cn_l(v—t)f(t)d1} ,  (35)
0

through the identical arguments applied to reduce (7) to {15) in the two
period model of the previous section. We recall that ﬁ(x) and A (v)
aredefined by (10) and (14) , respectively, and both are convex functions.

The quantity essential in achieving minimization in (35) is given by

Ioe)
Gn(v) =cv + A(v) + af Cn_l(v - t) £{t)dt . (36)
0

Since Cn_l(v) is K - convex, and cyv and /\(v) are convex, it is
easy to see from properties (i), (ii), and (iii) above that Gn(v) is

K - convex. It then follows that

for all v and all a 2 0 which, in turn, implies that there exists a unique
pair (S_, s_) suchthat S >s_, G (5 ) is the minimum value of G_(v),
n n n n n'n n

and K + Gn(Sn) = G (s ). Based on this result we obtain from (35)

gn(x)=K— cpx+ Gn(Sn), x<s_,
(37)

—clx+Gn(x), Xzs
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The explicit form of Cn(x) now may be determined by use of (10), (14},
(34), (36), and (37). :

Case (a) %< ’
n ©

Cn(x) =K+ co(i -x)+ Cl(sn - %) + L(x) + af Cn—l(sn - t)f(t)dt, x< X,

0
w
= - - %<
K+cl(Sn x)+L(x)+af Cn~1(Sn ty£f(t)dt , x=x<s ,
0
e o)
=L(x)+a[ Cn_l(x-t)f(t)dt, xzs .
0
The optimal policy in this case is to order:
1. for x< %, amount X - x at Cq o and amount Sn— % at cy s
2. for X< x<s_, amount S - x at c,; (38)
n n 1
3. for x=8_, none.
n
Case (b) 8, = x< Sn o

Cn(x)=K+CO(&-x)+cl(Sn-§c)+L(§c)+ aj Cn_l(Sn—t)f(t)dt, x<s_,
0

Q-
=L(x)+u[Cn_1(x-t)f(’c)dt, x=zs .

0

The optimal policy in this case is to order:

1. for x< s, » amount X - x at g s and amount S, - % at s

2. for x=s_ , none. (39)
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Case (c) x =2 Sn ®
Cn(x) =K +c, (Sn - x) + L(Sn) + a.f Cn—l(sn - t)£(t)dt, x<s_, |
0
@
:L(x)+af Cn_l(x-t) f(t)dt , xzs . g
0 i
The optimal policy in this case is to order: ‘
1. for x< sn , amount Sn - x at €y s (40)
2. for x= s, » none.

The final step in the induction is to establish the K - convexity of
Cn(x). Since T.(x) is convex, and Cn(x) is given by (34), it suffices to
establish the K - convexity of gn(x) which is expressed in terms of a
K - convex function Gn(x) by (37). But this is exactly what has been
done by Scarf [2, p. 200]. Therefore, this completes the analysis of the
optimal policies in the present model,

Let us next consider the case in which amounts of stock ordered at
unit prices C and Cret1 ? k=1 (ck > Ck+1) , are delivered, respec-
tively, k and k+1 periods later. If amounts zZ and z .1 are ordered
at unit prices Cx and Chy1 respectively, in the n period model, then

we have for n > k+l

szO

zk+1 =20 (41)

~
Cn(x, Xy Xpy t -,xk) = min tckzk + Cletl Zrai + K(zk + Zk+1) + Li(x) +

00]

+ aan_l(xﬂcl - t, Xoy s Xy + Zy s zk+1)f(t)d’c} ,
0
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where Cn(x, Hys XKy oo Xk) represents the expected total minimurn cost
for the n period model when the stock level at the beginning of the initial
period is x, and x, is the amount of outstanding order to be delivered i
periods later, It is obvious that there is no ordering in the k period

model. Therefore, if we define Lo(x) = I{x) , and

@
Li(x) = u[ Li_l(x—t)f(t)dt , izl, (42)
0
then we have
Ck(x Py Xps Xpy Tt xk-l) = L(x) + Ll(x+ xl) + oot Lk-l(x+ Xy

+ et xk-l)' (43)

We now assume that we have for n> k+l
C xxp, - -rux) = Lix)+ Ly(x) ++ -+ Ly j(xtx 404 x 1) HH (u) (44)

= cee t
where u J-:+xl + X and

i

Hn(u) Iznin {ckzk + Crel PRl + K(zk + Zk+1) + Lk(u + zk)
k=0

i1 = 0 (45)

(0 0]

+ aan_l(u + Zy + Zypq " t)f(t)dt} .
0
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As a special case, we have for n = k+l

H‘k+1 (u) = l;nn; O{Ckzk + K(zk) + Lk(u + zkg
N .

The validity of (44) and (45) may be readily verified by a direct sub-
stitution. If we make substitutions u + Z =W, u + 2y + Zppp TV and

C=Cp = Cpuqo then (45) may be rewritten as

Hn(u) = :,niznw N u{c(w -u) + Lk(w) + ck+1(v - x) + K(v - u)
- (46)

+ o.f H v - t)f(t)dt\}

0 -

We notice that (46) is essentially identicalto (33) except L(w) replaced by
Lk(w) which is again convex due to the convexity of L(w). Therefore,
all the arguments used in the analysis of the preceding model are ap-
plicable here, and we mayimmediately conclude that the optimal policies
in the present model are essentially identical to those of the preceding
model (see (38), (39), and (40)).

Furthermore, if we assume that K(x) = 0 for all x in (41), then
(41) represents the expected total cost for the n period model in the
case of linear ordering costs. We notice that (46) which was obtained
from (41) is essentially identical to (7) under the assumption K(x) = 0
for all x. Therefore, it may be concluded that the results of Theorem 1

are readily extended to the present model with no fixed cost.
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IV. THREE MODES OF DELIVERY

In this section we consider the case in which amounts of stock
ordered at unit prices St Spal and Cpi2 (ck > Cpet1 > Ck+2) are de-
livered, respectively, k, k+1 , and k+2 periods later. In order to apply
our technique employed in the preceding sections we assume that order-
ing of stock is only considered in every other period. Under this assump-
tion, if we order amounts Zgs 2o and z, at units prices €y Cp and

Cy s respectively, in the n period model, then we have for n 2 3

Cn(x)=min (K(z0+z +zz)+c zg+ cyz +c2zZ+L(x+z0)+

ZOZ 0 1 0 171
z) 20 (47)
z, 20 +L1(x+ z0+z1)+Cn_Z’2(x+zO+zl+z2}

where L, is defined by (42), and Cn is similarly defined by

_Z,j
Cn-Z, 0 (x) = Cn_z(x) and

a

cn-z,j (X) = aj Cn—Z,j—l (X - t)f(t)dt . (4:8)
0

For n=1 and 2, we have, respectively,

C, (x) = min

z,20

{K(zo) +cozg t Lix + zoﬁ (49)
03

&
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and

Cz(x), = rznin2 O{K(zo + zl) t ezt cyzpt Lix + zo) + L, (x + 7o+ zl)} . (50)
0

z120

I_fwemake substitutions x+z0:w, x + z0+zl:v, x+z0+z1+z2=u,

Cop=Co =€y and El = ¢y - c, in (47), then (47) may be rewritten as

C (x) = min cfw - x) + L(w) + ¢, (v - x) + L, (v) + c,(u - x)
n 0 1 1 2
u2vawax
(51)
+ K(u - x) + Cn-Z, 2(u)} .
We first consider the following minimization:
f(x) = min {Eo(w - x) + L(w)} . (52)
w2 X
Since (52) is identical to (8), there exists a unique positive % such that
60 + L'(x) = 0, and X uniquely determines I.(x). If we recall, at this
point, the technique which was applied to reduce (7) to (15) in Section II,
then it will be readily seen that (51) may be reduced by the same tech-
nigue to (53)
C(x)=i(x)+min E(v—x)+/\(v)+L(v)+c(u—x)
n 1 1 2
uzveax
(53)

+ K(u - x) + Cn-Z 2(u.)}
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where \(v) is given by

AW) = ¢y (v - %) + Liv) - L(x) , v<w,
(54)
=0, vax
We notice that /\ (v) is convex in v .
Let us next consider the following minimization:
M(x) = min {El(v -x)+ A v) + Ll(v)} . (55)
v Zx

It is easily seen that there exists a unique positive root X for the equation

M'(v) = 51 + N(v) + Li(v) =0 (56)

since M"v) is strictly increasing in v, M'(0+) = El + EO + L'(0) + L'l(O)
=cg-¢y-p-ap<0, and M'(v) tends to 51 +ah>0as v tends to

infinity. It follows that X uniquely determines M(x) as

M(x) = ¢ (x - %) + AN(%) + Ly (%) , x< %k,

(57)

N (x) + Ly (x), x= k.

i\V/I(x) is clearly convex in x. If we again apply our technique to the mini-
mization in the right-hand side of (53), then (53) may be further reduced
to (58)
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C_(x) = I(x) + M(x) + min {cz(u -x) + K(u - x) +7\ (u)
n u=2zx
(58)
+ Cn-Z, 2‘(u.)}
where A(u) is given by
Aw = &y(a - 0+ A () -AG) + Ly() - Ly, u<,
. (59)
=0 s u=x,

~

We again notice that A(u) is convexin u. It is clear from (58) that the
quantity essential in determination of the optimal policy for the n period

model is given by
G_(u) = c u+ Au) + Cpoz, 2(u) - (60)

Since (60) is analogous to (36) in Section III, we may anticipate analogous
results in the present model. In fact, if we assume that K(x) = 0 for all
x and %> x, then the following theorem which is analogous to Theorem 1

is seen to be true:

Theorem 2: For each n 2 3 there exists a unique positive X,
which, together with X and %, uniquely determines the optimal policy

for the n period model as follows:

Case A ¥ ox > X, it is optimal to order:

1. for x<x, amount x - x at cq amount X - x at Cy
and amount x - X at c,

~a A A~
2. for x<x< X%, amount X - X at i and amount xn—x

at cz;
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3. for X< x<x , amount x - x at c. ;
n n 2
4, for x=2x , none.
n
Case B If x= X > %X, it is optimal to order:
1. for x <%, amount % - x at o and amount X -x
at C,l;
2. for x<x<x , amount x -x at c. ;
n n 1
for x=z x_, mnone.
n
Case C If x <%, it is optimal to order:
1. for x<x , amocunt x_ -~ x at c. ;
n n 0
2. for x =2 X none.
Furthermore, the following properties hold:
(i) % is a unique root of an equation F;l(u) = 0 where F;l(u) is given by
' = 1 1 ' <%
Fn(u) Co + L'(u) + Ll(u) + Cn-Z, 2(u) , u<zx,
= ¢y + Li{u) +Cl , ,(u), T x<u< ¥, (61)
=CZ+C;1_2’Z(L1), u> x,
(ii) Case A x > X
C;l(x)::— Co, f<§,
:-c1+L'(x)‘, x<x<Xx,
= - c, + L'(x) + Lj(x), x<x< x s
— 1 ] 1
= L'(x) + Ll(x) + Cn_z, 2‘(x) ) x> x
Case B Xzx >x:
=== n
C;I(X):-CO, x<'x,
- 1 < x<
= cl+L(x), X< X< x,

t t 1
L'(x) + Ll(x) + Cn—Z, 2 (x), x> x
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Case C x S%:
_— n
CI"].(x) = - CO ’ X< X !
- 1 1{ ]
= L'(x) + Lj(x) + Cn__z’ 2(X) ’ x>x .

(iii) Cn(x) is a convex function of x, and Cx'1(x) = g(x) = g(x) = - o

for all x, where g(x) and g(x) are given as follows:

§(x)=~c0, x<X,
=-cl+L'(x), x> %

g0 = - < <%,
=-cl+L'(x), Xx<x<%,
= -cyt L‘(_x)+L‘1(x) , x> %,

The second derivative of Gn(x) exists everywhere except possibly for

x =%, %, and X where the right- and left-hand second derivatives exist.

(iv) Let us designate by x', X', and x the unique roots of the equations

F(x) = cg(l - a®) + L'(x) + Li(x) = 0, (62)
FYx) = cp + L‘l(x) + éz(x) =0, (63)

and
Fix) = c, + gz(x) =0, (64)

respectively, where g,(x) and g,(x) are defined by g{x) and g(x),
respectively, in the identical way as Lz(x) is defined by L(x) in (42).
Case A c, + éz(i‘c) <0.
In this case we have
X 55 % S x

where x is determined by (64); there also exist integers i and j such

PR s . SI\ i SN/'
that i2zj, i 4,323,xi_2 x<xi,and xj__2 xxxjﬁ
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Ja

Case B c, + L'l(;) + E;ZG) <0s=s c, t éz(i)

1

£

In this case we have

X £x sx' <%
n-2 n

where X' is determined by (63); there also exists an integer k such

that k=3 and x_,<X<x .

Case C 0= ¢, + Lj(x) + §2(§£) .

In this case we have

X sx =X <%
n-2 .

where x' is determined by (62).
(v) CI'I(X) < C;I_Z(X) for x= x .

The results for n =1 and 2 will be readily obtained by use of (49)
and (50). The proof of the above theorem will be similarly constructed
as for Theorem 1, and, therefore, we will omit it. We also remark
that, if we assume % < X, similar results as above will also be obtained.

If K(x) is given by (30), then the essential part of analysis of the
optimal policy is to establish the K - convexity of Gn(u) given by (60).
This may be done inductively as in Section III, and the optimal policies
can be determined in forms similar to those in Section III (see (38), (39),
and (40}). In the present model there will be more possibilities in the
form of the optimal policy than in Section III, but we will present no fur-
ther details. Finally we remark that these results may be readily ex-

tended to the case in which we have k = 1 as we have seen it in Section III.
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